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We study Morton’s characterization of cubic Galois extensions
F/K by a generic polynomial depending on a single parameter
s ∈ K . We show how such an s can be calculated with the
coeﬃcients of an arbitrary cubic polynomial over K the roots
of which generate F . For K = Q we classify the parameters s
and cubic Galois polynomials over Z, respectively, according to
the discriminant of the extension ﬁeld, and we present a simple
criterion to decide if two ﬁelds given by two s-parameters or
deﬁning polynomials are equal or not.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
Morton develops, in [9], a Kummer theory for abelian ﬁeld extensions of exponent 3 of ground
ﬁelds K with char K = 2 not necessarily containing the third roots of unity. Thereby he shows that
each cubic Galois extension F/K can be deﬁned by a polynomial
gs(X) := X3 + 1
2
(1− s)X2 − 1
4
(
s2 + 2s + 9)X + 1
8
(
s3 + s2 + 7s − 1) ∈ K [X], s ∈ K , (1)
with discriminant (s2 + s + 7)2. This element s ∈ K , which determines F/K uniquely, will here be
called a Morton-parameter. In general, more than one Morton-parameter belong to the same ﬁeld.
In [1], Chapman simpliﬁes Morton’s proofs.
In this paper we derive a Morton-parameter from the coeﬃcients of an arbitrary cubic polynomial
deﬁning a cubic Galois extension with characteristic = 2,3 (Theorem 4). With this special Morton-
parameter as basic parameter one may easily compare generic cubic polynomials of other authors
such as, for instance, Kersten and Michalicˇek [7] and Shanks [12] (Example 6).
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ﬁeld (see [11, V.1.10]). The smallest integer f such that F ⊂ Q(ξ), where ξ ∈ C is a primitive f -th
root of unity, is called the conductor of F . The discriminant of F is dF = f 2. The conductor of a cubic
Galois ﬁeld is of the form
f = p1p2 . . . pr or f = 9p2 . . . pr (2)
with r  1 and distinct prime numbers pi ≡ 1 (mod 3). Furthermore, each integer of the form (2) is
conductor of exactly 2r−1 cubic ﬁelds. See [4].
We show how the conductor of a cubic Galois extension of Q can be determined by a Morton-
parameter. Moreover, for each conductor we give representatives of Morton-parameters and we
present a criterion to decide if two ﬁelds with a common conductor are equal or not (Theorem 10).
Finally, we combine Theorem 4 and Theorem 10 and provide a formula to construct the conductor
with the coeﬃcients of a monic cubic Galois polynomial over Z (Corollary 12), and another formula
to decide if two polynomials deﬁne the same ﬁeld (Corollary 13). Throughout that section Morton’s
classiﬁcation of cyclic cubic number ﬁelds is compared with classical approaches such as [4].
This paper elaborates on parts of the author’s diploma thesis [3], which was supervised by Pro-
fessor Sigrid Böge. Results similar to part (1) and (2) of Theorem 10 were recently and independent
of [3] discussed in [8].
2. Arbitrary ground ﬁeld
Throughout the paper let K be a ﬁeld with char K = 2 and ζ ∈ K a primitive third root of unity.
Let F = K (α) be a cubic Galois extension of K . A non-trivial polynomial f (X) ∈ K [X] is called an
automorphism polynomial of α and F , respectively, if f (α) = σ(α) for some non-trivial Galois auto-
morphism σ ∈ Gal(F/K ) (see [9,10]). Since F/K is cubic and Galois, each generator of F has exactly
two at most quadratic automorphism polynomials, one for σ and one for σ 2. The relation between
automorphism polynomials and the above deﬁned Morton-parameter is summarized in the following
(see [9, Theorem 2]):
Proposition 1.
(1) The roots of gs ∈ K [X] with s ∈ K (see Eq. (1)) either lie in K or they generate a cubic Galois extension
over K .
(2) For each cubic Galois extension F/K there is a Morton-parameter s ∈ K such that F is splitting ﬁeld of gs
and f (X) = X2 + a ∈ K [X] with a = − s2+74 is an automorphism polynomial of F .
(3) Let a ∈ K and F/K be cubic Galois. If f (X) = X2 + a ∈ K [X] is an automorphism polynomial of F , then
a = − s2+74 for some s ∈ K with s2 + s + 7 = 0 and F is splitting ﬁeld of gs or g(−s) .
Due to [9, (36)] a composition of two parameters s and t may be deﬁned via certain quadratic
matrices E(s) with s2 + s + 7 = 0, which are uniquely deﬁned by s, in the following way:
E(s)E(t) := E
(
st − 7
s + t + 1
)
, E(s)E(−s − 1) := I, t = −s − 1. (3)
Here I denotes the unit matrix. This composition accords with matrix multiplication up to a constant
factor. The set
E = {E(s) ∣∣ s ∈ K , s2 + s + 7 = 0}∪ {I}
forms an abelian group where E(s)−1 = E(−s − 1). The subset A ⊂ E containing I and all E(s) such
that gs splits over K is a subgroup of E with E3 ⊂ A by [9, (43)] and the proof of [9, Lemma 5].
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theory essentially no different from [9, Theorem 6]:
Proposition 2. For a ﬁnite abelian extension F/K of exponent 3 there are r ∈ N, s1, . . . , sr ∈ K such that
F = K (θ1, . . . , θr)
where θi is a root of gsi with 1 i  r. We have
Gal(F/K ) ∼= 〈E(s1), . . . , E(sr)〉A/A.
The Galois theoretical bijection between subgroups U  Gal(F/K ) and subﬁelds F U ⊂ F holds. Furthermore,
K (θ1, . . . , θr) and 〈E(s1), . . . , E(sr)〉A, deﬁned as above, are in 1–1 correspondence.
Proposition 2 and (3) imply that s and t = −s − 1 belong to the same ﬁeld extension. The next
proposition turns out to be useful for applications of Morton’s theory.
Proposition 3. Let K (ψ)/K be cubic Galois and f (X) = v X2 + wX + z ∈ K [X] with v = 0 be an automor-
phism polynomial of ψ . Then
s = 2v traceψ + 3w + 1
is a Morton-parameter of K (ψ)/K and θ = vψ + w2 is a root of gs.
Proof. Let σ be the Galois automorphism with σ(ψ) = f (ψ). Then σ(θ) = v f (ψ) + w2 . Multiplying
out the right-hand side shows that X2 + a for some a ∈ K is an automorphism polynomial of θ . By
Proposition 1(3), there is an s ∈ K such that gs ∈ K [X] is the minimal polynomial of θ . Since on
the one hand trace θ = 12 (s − 1) and on the other hand 2 trace θ = 2v traceψ + 3w , we have s =
2v traceψ + 3w + 1. 
Proposition 3 can be applied to determine the Morton-parameter of a classical cubic Kummer
extension K ( 3
√
c, ζ )/K (ζ ) with c ∈ K (ζ ) and char K = 3. Therefore, let α be a root of X3 − c and
ψ = α2 + α. By using σ(α) = ζα and ψ2 = α2 + cα + 2c and σ(ψ) = ζ 2α2 + ζα, one gets the
coeﬃcients v = ζ−ζ 2c−1 and w = ζ
2c−ζ
c−1 of σ(ψ) = vψ2 + wψ + z. Then Proposition 3 yields
s = 1+ 3ζ − (1+ 3ζ
2)c
1− c . (4)
Conversely, for a cubic Galois extension F/K with Morton-parameter s and char K = 3 the exten-
sion F (ζ )/K (ζ ) is Kummer. Solving (4) for c leads to
F (ζ ) = K
(
ζ,
3
√
s − 1− 3ζ 2
s − 1− 3ζ
)
. (5)
Eq. (5) also holds for F = K when gs is reducible. A similar usage of Proposition 3 gives a Morton-
parameter of F/K when char K = 3. In this case
s = c + 1 (6)
c
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of which generate F . Chapman [1] provides direct proofs of (5) and (6) without using Morton’s results.
Next, Proposition 3 is applied to compute a Morton-parameter from the coeﬃcients of a cubic Galois
polynomial.
Theorem 4. Let f (X) = X3 + aX2 + bX + c ∈ K [X] with char K = 2,3 and assume that the splitting ﬁeld F
of f is cubic. Furthermore, let
m = −a2 + 3b, n = 2a3 − 9ab + 27c, D = −4m
3 − n2
27
. (7)
Then
s = −1
2
+ n
2D
√
D, a2 = 3b (8)
or
s = 27(1+ 3ζ ) + (1+ 3ζ
2)n
27+ n , a
2 = 3b (9)
is a Morton-parameter of F/K .
Proof. Let h(X) = f (X− 13a) ∈ K [X]. Then h(X) = X3+ m3 X+ n27 and D is the discriminant of h and f .
If m = 0 then a root of h generates a classical Kummer extension where ζ ∈ K . The statement (9) now
follows from (4), because F is the splitting ﬁeld of h.
Let m = 0 and α be a root of h and g(X) = v X2 + wX + z ∈ K [X] be an automorphism polynomial
of α. Assume that v = 0. Then σ(α) = g(α) = wα + z and σ 2(α) = g(g(α)) = w2α + (w + 1)z for
some σ ∈ Gal(F/K ). Hence 0 = traceα = (1 + w + w2)α + (w + 2)z. Since 1 and α are linearly
independent over K , we have z = 0 and w = ζ or w = ζ 2. So ζ ∈ K and g(X) = ζ X or g(X) = ζ 2X .
Thus F/K is a classical Kummer extension and m = 0, respectively, in contradiction to the claim
m = 0. Therefore v = 0 and Proposition 3 can be applied. The element s = 3w + 1 ∈ K is a Morton-
parameter of F/K and θ = vα + w2 is a root of gs .
Let
hs(X) := gs
(
X + s − 1
6
)
= X3 − 1
3
(
s2 + s + 7)X + 1
27
(2s + 1)(s2 + s + 7). (10)
Then Aα + B = 0 with
A = − v
3
(
mv2 + 9(w2 + w + 1)),
B = −nv
3
27
+ (2w + 1)(w2 + w + 1)
because hs(vα) = gs(θ) = 0 and h(α) = 0. Again, the linear independency of 1 and α yields A = 0
and B = 0. The equation A = 0 leads to
v2 = −9(w
2 + w + 1)
m
.
Insert this into B = 0 to ﬁnd v = − 3m(2w+1)n , the square of which is
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2(w2 + w + 1) − 27m2
n2
.
Hence
w2 + w + 1+ m
3
9D
= 0.
Accordingly, w = − 12 ± n6D
√
D and
s = −1
2
± n
2D
√
D.
By the remark after Proposition 2 both values of s are parameters of the same ﬁeld. 
It was shown in the proof of the last theorem that the case a2 = 3b in (9) only occurs when ζ ∈ K .
If trace f = 0, one often replaces X by X − 13a, as done twice in the last proof, to work with the
reduced cubic polynomial f (X) = X3 + bX + c ∈ K [X]. The corresponding statement of Theorem 4 is
Corollary 5. Let f be as in Theorem 4 but assume trace f = 0. Then
s =
{− 12 + 27b2D √D if b = 0,
1+3ζ−(1+3ζ 2)c
1−c if b = 0
(11)
is a Morton-parameter of F/K .
The following example shows that Theorem 4 enables comparisons of generic polynomials without
large computational effort.
Example 6. Kersten and Michalicˇek discussed in [7] the polynomial
fk(X) = X3 − 3kX2 + 3(k − 1)X + 1, k ∈ K ,
and proved that a ﬁeld extension F/K with char K = 3 is cubic Galois if and only if F is a splitting
ﬁeld of fk for some k. If we replace X by X + 1, we have
fk(X) = X3 − 3
(
k2 − k + 1)X + (−2k + 1)(k2 − k + 1).
Then D = 81(k2 − k + 1)2 is the discriminant of fk and by Theorem 4 and Corollary 5, respectively,
one gets s = 1 − 3k. The similar generic polynomial f ∗a (X) = X3 − aX2 − (a + 3)X − 1 with a ∈ Z,
called a simplest cubic polynomial, was studied by Shanks in [12]. The reduced form of f ∗a is
f ∗a (X) = X3 −
1
3
(
a2 + 3a + 9)X − 1
27
(2a + 3)(a2 + 3a + 9)
with discriminant (a2 + 3a + 9)2. Theorem 4 yields s = a − 2 as Morton-parameter. We conclude that
fk and f ∗a with a = 3(1− k) ∈ K and char K = 3 deﬁne the same ﬁeld extension.
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From now on number ﬁelds are investigated. The map
ϕ : Q(ζ )∗ −→ E, a − b − 3bζ −→
{
E( ab ) if b = 0,
I if b = 0
with a,b ∈ Q is a surjective homomorphism of groups with kerϕ = Q∗ because of (3) and
(a − b − 3bζ )(c − d − 3dζ ) = k − l − 3lζ, k = ac − 7bd, l = ad + bc + bd.
In order to study the arithmetic properties of cubic Galois extensions of Q, we deﬁne the set
N = {a − b − 3bζ ∈ Z[ζ ] ∣∣ a,b ∈ Z, b > 0, gcd(a,b) = 1}∪ {1}.
Then ϕ(N ) = E and ϕ | N is injective. Since we will switch between Q, N and E , we index s = ab ∈ Q
and the corresponding α = a − b − 3bζ ∈ N writing sα and αs , respectively. An operation 	 on N ,
deﬁned by αs 	 αt := αu ∈ N if E(s)E(t) = E(u) for some u ∈ Q and αs 	 αt := 1 if E(s)E(t) = I and
t = −s − 1, respectively, transforms the group structure of E onto N . For s = ab ∈ Q and t = cd ∈ Q
one has
αs 	 αt = ± αsαt
gcd(ac − 7bd,ad + bc + bd) . (12)
The sign of the right-hand side is not important, because we argue primarily with the norm
N(α) := NQ(ζ )/Q(α) = αα = a2 + ab + 7b2 = (2a + b)
2 + 27b2
4
, α ∈ N , (13)
where the overline denotes the complex conjugation. Note that αs = −α−s−1. Finally, we introduce
the term
ep(α) := ep(a,b) := vp
(
a2 + ab + 7b2
gcd(a2 − 7b2,2a + b)
)
, α ∈ N , (14)
where p is a prime and vp denotes the p-adic valuation in Z. Since gcd(a,b) = 1, one obtains
vp
(
N(α 	 α)
)= 2 · ep(α). (15)
Lemma 7 lists some features of 	 and ep which are easily proved by straight forward calculations.
Lemma 7.
(1) αs 	 αt = ±αsαt if gcd(N(αs),N(αt)) = 1.
(2) α 	 α = ±α2 if 3  N(α).
(3) vp(N(α)) = ep(α) if p = 3.
Let F/Q be a ﬁeld extension with Morton-parameter s ∈ Q, i.e. F/Q cubic Galois or F = Q (see
Proposition 1(1)), and let α := αs ∈ N . By (5) we have
F (ζ ) = Q
(
ζ,
3
√
α
α
)
= Q(ζ, 3√N(α)α ). (16)
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F = Q( 3√N(α)α + 3√N(α)α ) (17)
with cubic roots such that their product is N(α). The next two lemmas prepare the main result of
this section. The ring of integers of Q(ζ ) is denoted by O and the p-adic valuation in O is denoted
by vp . For convenience we recall the decomposition law of prime numbers in O on which the proofs
of the lemmas are based. One has pO = pp with p = p if p ≡ 1 (mod 3) and pO = p if p ≡ 2 (mod 3)
with a prime ideal p in O. For p = 3 one has pO = p2 with p= (1− ζ )O and, accordingly, p= p.
Lemma 8. Let p be a prime and p a prime ideal of Q(ζ ) which lies above p.
(1) There is an α ∈ N such that p = αα if p ≡ 1 (mod 3) and p2 = αα if p = 3. If this holds for another
β ∈ N then β = −α.
(2) Let α ∈ N and p ≡ 2 (mod 3). Then vp(N(α)) = 0.
(3) Let α ∈ N and p = 3. Then vp(N(α)) ∈ {0,2,3} and ep(α) ∈ {0,1}.
Proof. Let p ≡ 1 (mod 3). By a theorem of Gauss, there are integers A, B , which are uniquely deter-
mined up to sign, such that p = A2+27B24 (see [6, 8.8.2]). Choose B > 0 and let a = A−B2 ∈ Z, b = B ∈ Z
and α = a − b − 3bζ ∈ Z[ζ ]. Then α ∈ N and αα = p. Replacing A by −A gives β as claimed. If
p ≡ 2 (mod 3) then p remains prime in Q(ζ ). Hence vp(α) = 0 for any α ∈ N , because otherwise
p | a and p | b, contrary to gcd(a,b) = 1.
Now let p = 3 and α = ±βγ ∈ N with β,γ ∈ N and βO = pk for some k > 0 and vp(γ ) = 0 (see
Lemma 7). Then β = ε(1− ζ )k with a unit ε ∈ O∗ . The case k = 1 is impossible, because (13) has no
integer solution for N(β) = 3. If k  4 then 9 | β and 9 | α, and thus 3 | a and 3 | b which contradicts
gcd(a,b) = 1. Let k = 2. Then (13) has four integer solutions for N(β) = 9 such that sβ = 1 or sβ = −2.
Hence sβ	β = −2 or sβ	β = 1 and vp(N(α 	 α)) = vp(α 	 α) = vp(β 	 β) = 2 which leads to ep(α) = 1
by (15). The case k = 3 works analogously with sβ ∈ {− 12 ,4,−5} and vp(β 	 β) ∈ {0,2}. 
The last two lemmas say that E(s) can be decomposed into irreducible factors:
E(s) = E(s1)z1 . . . E(sn)zn , N(αs) = N(αs1)|z1| . . .N(αsn )|zn| (18)
with coprime N(αsi ) for 1 i  n such that N(αsi ) is a prime ≡ 1 (mod 3) and zi ∈ Z\{0} or N(αsi ) ∈{9,27} and zi = ±1. This decomposition is unique up to E(si) = E(−si − 1)−1.
Lemma 9. Let F/Q be a ﬁeld extension with Morton-parameter s ∈ Q and let α = αs ∈ N . A prime p divides
the discriminant dF of F if and only if v p(N(α)) ≡ 0 (mod 3) and p = 3 or if ep(α) = 1 and p = 3.
Proof. Let α = a − b − 3bζ with a,b ∈ Z. We may assume p ≡ 2 (mod 3) because otherwise p  dF
and vp(N(α)) = 0 by (2) and Lemma 8(2). Let p be a prime ideal of Q(ζ ) which lies above p and
let μ = N(α)α. The prime p divides dF if and only if p is ramiﬁed in F (see [11, III.2.12]). Since the
degrees of Q(ζ )/Q and F/Q are coprime and both extensions are Galois, p is ramiﬁed in F if and only
if p is ramiﬁed in F (ζ ) (see [11, I.§9]). For F (ζ )/Q(ζ ) is a Kummer extension with F (ζ ) = Q(ζ, 3√μ),
the ideal p is ramiﬁed in F (ζ ) if and only if vp(μ) ≡ 0 (mod 3) or if p = 3 and x3 ≡ δ (mod p3)
for all x ∈ O where δ ∈ O with vp(δ) = 0 and μ = δε3, ε ∈ O (see [5, Theorem 148]). Note that
vp(μ) ≡ 0 (mod 3) if p = 3.
Let p ≡ 1 (mod 3). The ideal p does not divide gcd(α,α), because otherwise pO = pp divides αO
and hence p | a and p | b. Since μ = α2α, we have vp(μ) ≡ 0 (mod 3) if and only if either vp(α) ≡
0 (mod 3) and vp(α) = 0 or if vp(α) = 0 and vp(α) ≡ 0 (mod 3). Hence vp(μ) ≡ 0 (mod 3) if and
only if vp(N(α)) = vp(N(α)) = vp(α) + vp(α) ≡ 0 (mod 3).
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and (15). Furthermore, t is a Morton-parameter of F and the above statements about the ramiﬁcation
of p also hold for μt = N(αt)αt . First, let vp(N(αt)) = 0. Since αt ∈ N , one has αt ≡ αt (mod p3), and
thus μt ≡ α3t (mod p3). Accordingly, p is not ramiﬁed in F (ζ ). Now, let vp(N(αt)) = 2 and αt = ±βγ
with β,γ ∈ N and N(β) = 9. The proof of Lemma 8 implies β = −3ζ or β = 3ζ . Without loss we
may assume β = −3ζ . Then μt = ζ(−3γ )3. Since vp(ζ ) = 0 and ζ ≡ x3 (mod p3) for all x ∈ O, p is
ramiﬁed in F (ζ ). 
Theorem 10.
(1) Let F/Q be a ﬁeld extension with Morton-parameter s = ab , a,b ∈ Z and gcd(a,b) = 1, i.e. F/Q cubic
Galois or F = Q, and let p be a prime and f be the conductor of F . Then
vp( f ) =
⎧⎨
⎩
1 if p = 3 and vp(a2 + ab + 7b2) ≡ 0 (mod 3),
2 if p = 3 and ep(a,b) = 1,
0 otherwise.
(2) Let f = p1 . . . pr or f = 9p2 . . . pr with pairwise different prime numbers pi ≡ 1 (mod 3). Then, for
each cubic Galois extension with conductor f there are exactly two Morton-parameters s, t ∈ Q such that
N(αs) = N(αt) = f . Moreover, t = −s − 1.
(3) Two cubic Galois extensions F/Q and F ′/Q with Morton-parameters s and t, respectively, and common
conductor f are equal if and only if the extension F ′′/Q with parameter u = st+t+7s−t is cubic with conduc-
tor f or if F ′′ = Q.
Proof. Part (1) follows from Eq. (2) and Lemma 9. To prove part (2) we may assume f = p1 . . . pr . Let
si ∈ Q with N(αsi ) = pi for 1  i  r (see Lemma 8(1)). By (18), s ∈ Q with N(αs) = f holds if and
only if
E(s) = E(s1)±1 · · · E(sr)±1. (19)
By Morton’s Kummer theory (Proposition 2), s and another t with N(αt) = f belong to the same
ﬁeld if E(t) = E(s)−1 = E(−s − 1). Since there are exactly 2r−1 ﬁelds with conductor f , each such
ﬁeld is represented by exactly two Morton-parameters for these (19) hold. This proves part (2) of the
theorem.
Let s and t be Morton-parameters of ﬁelds with common conductor f . Then E(s1) = E(u1)A1 and
E(s2) = E(u2)A1 with u1,u2, such that (19) holds, and A1, A2 ∈ A by Morton’s Kummer theory. Both
s and t belong to the same ﬁeld if and only if E(u2) = E(u1)±1. We have E(u2) = E(u1)±1 if and
only if E(u1)E(u2)−1 = E(u1)2 has conductor f or if E(u1)E(u2)−1 = I . Part (3) now follows, because
E( st+t+7s−t ) = E(s)E(t)−1 = E(u1)E(u2)−1A1A−12 . 
Theorem 10 strengthens the statement [9, Lemma 4] about a necessary condition of the conductor
for certain Morton-parameters. The second part of Theorem 10 says that each cubic Galois exten-
sion F/Q with conductor f is uniquely determined by
f = αα, α ∈ N .
This result and (16) with N(α) = f correlate with Hasse’s examinations in [4] using Jacobi sums and
Gaussian periods. Due to (17), we have
F = Q( 3√ f α + 3√ f α ) (20)
L. Häberle / Journal of Number Theory 130 (2010) 307–317 315with cubic roots such that 3
√
f α · 3√ f α = f . The generator of F in (20) is a root of
X3 − 3 f X − (2a + b) f ∈ Z[X],
a polynomial which is closely related to (10). More precisely,
θ = 1
3
(
3
√
f α + 3√ f α )+ a − b
6b
is a root of gs with s = ab . Beside [4] we refer the reader to [2] for a more classical construction of
cyclic cubic number ﬁelds than Morton’s procedure and for arithmetic properties as integral basis and
units. The relation between conductor and ﬁeld index was recently studied in [13]. The ﬁrst part of
Theorem 10 can be expressed without differentiating cases:
Corollary 11. Let F/Q be a ﬁeld extension with Morton-parameter s = ab ∈ Q and conductor f . Then
vp( f ) > 0 if and only if ep(a,b) ≡ 0 (mod 3).
Proof. If p = 3 then ep(a,b) ≡ 0 (mod 3) if and only if ep(a,b) = 1 by Lemma 8. When p = 3
Lemma 7 shows that ep(a,b) = vp(a2 + ab + 7b2). 
Theorem 10 will now be applied for cubic polynomials. With Corollary 12, one may determine the
conductor of a splitting ﬁeld and Corollary 13 helps to decide if two given polynomials generate the
same ﬁeld.
Corollary 12. Let h(X) = X3 + aX2 + bX + c ∈ Z[X] such that the splitting ﬁeld F/Q of h is cubic Galois and
let m,n, D be integers as in (7). Then a prime p divides the conductor of F if and only if
v p
( −4m3
gcd(−27D + n2 − 2n√D ),2n gcd(−√D + n,2√D )
)
≡ 0 (mod 3).
Proof. The number D is a square in Z, because it is the discriminant of h ∈ Z[X]. By Theorem 4,
s = −
√
D+n
2
√
D
is a Morton-parameter of F . Let u = −√D + n and v = 2√D and z = gcd(u, v). Then
N(αs) = −4m3z2 and, by Corollary 11, a prime p divides the conductor of F , if and only if
vp
( −4m3
gcd(u2 − 7v2, z(2u + v))
)
= vp
(
N(αs)
gcd(( uz )
2 − 7( vz )2,2( uz ) + ( vz ))
)
≡ 0 (mod 3). 
Corollary 13. Let h1 ∈ Z[X] and h2 ∈ Z[X] be monic cubic polynomials and
m1,n1, D1 and m2,n2, D2,
respectively, corresponding integers as in (7). Assume that both polynomials generate cubic ﬁelds with common
conductor f > 1. Then h1 and h2 generate the same ﬁeld, if and only if the ﬁeld F with Morton-parameter
s = 27
√
D1D2 − n1√D2 + n2√D1 + n1n2
2(n1
√
D2 − n2√D1)
has conductor f or if F = Q.
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√
D1+n1
2
√
D1
and t = −
√
D2+n2
2
√
D2
are Morton-parameters of the splitting ﬁelds of
h1 and h2, respectively. Theorem 10(3) now implies the statement. 
Example 14. Let h1(X) = X3 − 21X − 28 ∈ Z[X] and h2(X) = X3 + 6X2 − 9X + 1 ∈ Z[X]. Then
m1 = −32 · 7, n1 = −22 · 33 · 7, D1 =
(
2 · 32 · 7)2,
m2 = −32 · 7, n2 = 33 · 5 · 7, D2 =
(
32 · 7)2.
Since a ﬁeld discriminant divides a polynomial discriminant, the conductors of the splitting ﬁelds F1
and F2 of h1 and h2 respectively, divide 63. Corollary 12 implies that f = 63 is the conductor of both
ﬁelds. Alternatively, one may ﬁrst apply Theorem 4 to get the Morton-parameters s1 = − 72 of F1 and
s2 = 7 of F2, and then Corollary 11 yields f = 63. Using Corollary 13 or Theorem 10(3), one receives
F1 = F2, because s = 1 has conductor 9.
Appendix A. Morton-parameters for number ﬁelds
Table 1 lists Morton-parameters for number ﬁelds with conductor f < 1000. For each ﬁeld the
two parameters s with N(αs) = f are presented comma separated. Parameters of different ﬁelds with
common conductor are separated by semicolon. Table 1 continues [9, Table 1] with parameters for
conductor f < 100.
Table 1
Morton-parameters for number ﬁelds with conductor f < 1000.
Prime f Values of s Prime f Values of s Composite f Values of s
7 −1, 0 523 −23/3, 20/3 9 −2, 1
13 −3, 2 541 −18/7, 11/7 7 · 9 −7/2, 5/2; −8, 7
19 −4, 3 547 −5/9, −4/9 7 · 13 −9/2, 7/2; −7/3, 4/3
31 −3/2, 1/2 571 −19/7, 12/7 7 · 19 −10/3, 7/3; −7/4, 3/4
37 −6, 5 577 −10/9, 1/9 7 · 31 −15, 14; −14/3, 11/3
43 −5/2, 3/2 601 −17/8, 9/8 7 · 37 −12/5, 7/5; −7/6, 1/6
61 −2/3, −1/3 607 −25, 24 7 · 43 −17/3, 14/3; −14/5, 9/5
67 −4/3, 1/3 613 −25/3, 22/3 7 · 61 −21, 20; −21/2, 19/2
73 −5/3, 2/3 619 −13/9, 4/9 7 · 67 −22, 21; −21/4, 17/4
79 −9, 8 631 −24/5, 19/5 7 · 73 −23/2, 21/2; −21/5, 16/5
97 −10, 9 643 −23/6, 17/6 7 · 79 −15/8, 7/8; −7/9, −2/9
103 −8/3, 5/3 661 −26/3, 23/3 7 · 97 −16/9, 7/9; −7/10, −3/10
109 −3/4, −1/4 673 −22/7, 15/7 7 · 103 −21/8, 13/8; −26/5, 21/5
127 −11/2, 9/2 691 −9/10, −1/10 7 · 109 −28, 27; −28/3, 25/3
139 −12, 11 709 −27, 26 7 · 127 −23/9, 14/9; −14/11, 3/11
151 −11/3, 8/3 727 −25/6, 19/6 7 · 139 −18/11, 7/11; −7/12, −5/12
157 −9/4, 5/4 733 −27/4, 23/4 9 · 13 −11, 10; −5/4, 1/4
163 −13, 12 739 −13/10, 3/10 9 · 19 −13/2, 11/2; −4/5, −1/5
181 −6/5, 1/5 751 −24/7, 17/7 9 · 31 −17, 16; −13/5, 8/5
193 −13/3, 10/3 757 −19/9, 10/9 9 · 37 −17/4, 13/4; −5/7, −2/7
199 −8/5, 3/5 769 −27/5, 22/5 9 · 43 −20, 19; −11/7, 4/7
211 −9/5, 4/5 787 −20/9, 11/9 9 · 61 −23/4, 19/4; −22/5, 17/5
223 −15/2, 13/2 811 −29/2, 27/2 9 · 67 −25/2, 23/2; −20/7, 13/7
229 −13/4, 9/4 823 −8/11, −3/11 9 · 73 −26, 25; −19/8, 11/8
241 −11/5, 6/5 829 −9/11, −2/11 9 · 79 −23/7, 16/7; −11/10, 1/10
271 −16/3, 13/3 853 −22/9, 13/9 9 · 97 −25/8, 17/8; −13/11, 2/11
277 −15/4, 11/4 859 −12/11, 1/11 9 · 103 −24/9, 15/9; −16/11, 5/11
283 −17/2, 15/2 877 −30, 29 9 · 109 −31/5, 26/5; −29/7, 22/7
307 −11/6, 5/6 883 −27/7, 20/7 13 · 19 −16, 15; −5/6, −1/6
313 −18, 17 907 −15/11, 4/11 13 · 31 −20/3, 17/3; −12/7, 5/7
331 −4/7, −3/7 919 −29/6, 23/6 13 · 37 −22/3, 19/3; −11/8, 3/8
337 −6/7, −1/7 937 −31, 30 13 · 43 −24, 23; −8/9, −1/9
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Prime f Values of s Prime f Values of s Composite f Values of s
349 −19, 18 967 −25/9, 16/9 13 · 61 −25/7, 22/7; −23/8, 15/8
367 −19/3, 16/3 991 −32/3, 29/3 13 · 67 −29/5, 24/5; −19/10, 9/10
373 −10/7, 3/7 997 −11/12, −1/12 13 · 73 −17/11, 6/11; −31/4, 27/4
379 −17/5, 12/5 19 · 31 −23/5, 18/5; −11/9, 2/9
397 −19/4, 15/4 19 · 37 −27/2, 25/2; −17/9, 8/9
409 −18/5, 13/5 19 · 43 −29/3, 26/3; −6/11, −5/11
421 −13/7, 6/7 7 · 9 · 13 −29, 28;
433 −5/8, −3/8 −28/5, 23/5;
439 −17/6, 11/6 −17/10, 7/10;
457 −9/8, 1/8 −7/11, −4/11;
463 −15/7, 8/7
487 −16/7, 9/7
499 −19/6, 13/6
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